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Abstract
We apply the new orbifold duality transformations to discuss the special case of
cyclic coset orbifolds in further detail. We focus in particular on the case of the in-
teracting cyclic coset orbifolds, whose untwisted sectors are Zλ(permutation)-invariant
g/h coset constructions which are not λ copies of coset constructions. Because λ copies
are not involved, the action of Zλ(permutation) in the interacting cyclic coset orbifolds
can be quite intricate. The stress tensors and ground state conformal weights of all the
sectors of a large class of these orbifolds are given explicitly and special emphasis is
placed on the twisted h subalgebras which are generated by the twisted (0,0) operators









was given, where H is any nite group and A(H) is any H-invariant CFT2−4 constructed
on ane Lie algebra5−7. This technology employs new duality transformations among the




was worked out in full as an illustration.
The untwisted sectors of the permutation orbifolds A(Zλ)/Zλ are described by the set
of all Zλ(permutation)-invariant CFT’s A(Zλ), that is by all the Zλ(permutation)-invariant
ane-Virasoro8,9,4 constructions LabI−J on ane g, where
g = λ−1I=0gI , gI = g, Zλ(permutation)  Aut(g). (1.3)
Here Zλ(permutation) acts by permuting the copies fgIg at level k of the ane algebra on
simple g. In this case the twisted current algebras of the twisted sectors are orbifold ane
algebras10,11,1, and the duality transformations relating the sectors of the orbifolds A(Zλ)/Zλ
are discrete Fourier transforms.







h(Zλ)  g, Zλ(permutation)  Aut(h(Zλ)) (1.4b)
in further detail. These orbifolds, rst delineated in Ref. [1], are the special cases inA(Zλ)/Zλ
for which the Zλ(permutation)-invariant CFT A(Zλ) is a coset construction7,12,13. In what
follows, an algebra h(Zλ) which satises (1.4b) is called a Zλ-covariant subalgebraa of the
ambient algebra g.











aSince the stress tensor Tg of g defines a Zλ(permutation)-invariant CFT, the property (1.4b) is a necessary
and sufficient condition so that the stress tensors Th(Zλ) and Tg/h(Zλ) also define Zλ(permutation)-invariant
CFT’s.
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are well-known examples whose stress tensors in the untwisted sectors are sums of λ commut-
ing copies. In these orbifolds, the action of Zλ(permutation) consists of cyclic permutations
of the coset copies. The stress tensors of all the twisted sectors of all cyclic copy orbifolds
are given in Ref. [1]. The case of prime λ was given earlier in Refs. [10,11] and copy orbifolds
have also been studied in Refs. [14-18]. As a consequence, our remarks will be minimal for
these cases.
We focus instead on a more intricate class of cyclic coset orbifolds called the interacting
cyclic coset orbifolds10,11,1 because their stress tensors in the untwisted sectors are not sums
of λ commuting copies. As a consequence, the action of Zλ(permutation) in the interacting
coset orbifolds is generally more involved than the action of Zλ(permutation) in the coset




where gdiag is the diagonal subalgebra of g. The stress tensors and ground state conformal
weights of these orbifolds are worked out in Ref. [1]. As conjectured in Ref. [10], some of the
sectors of these orbifolds are Kac-Wakimoto coset constructions19,20.
Generalizing the simplest examples (1.6), we will construct here a large class fh(η,)g
of Zλ-covariant subalgebras
fh(η,)g  fh(Zλ)g, h(1, f0g) = gdiag (1.7)
where η and  are dened below, and give all the stress tensors and ground state conformal












Special emphasis is placed on the twisted h subalgebras (corresponding to each untwisted
subalgebra h(η,)) which are generated by the twisted (0,0) operators of these orbifolds.





, h  g, H  Aut(g), H  Aut(h) (1.9)
is also discussed, and App. A gives the (0,0) operators of the twisted sectors of the cyclic
coset copy orbifolds (1.5). The twisted (0,0) operators of coset orbifolds will be important
in an action formulation of these theories, where one must learn to gauge these twisted
subalgebras.
2
2 The Untwisted Sectors
2.1 Notation
In what follows, we assume that g in (1.3) is simple. Our notation for the currents of the
ambient algebra g is
Jg(z) = fJa(I)(z)g = fHA(I)(z), Eα(I)(z)g (2.1a)
a = 1, ..., dimg, I = 0, ..., λ− 1, A = 1, ..., rankg, α 2 (g) (2.1b)
where the index I labels the copies of g and the index a runs over a general basis of g. The
algebra of ane g
[HA(I)(m), HB(J)(n)] = δIJk m δABδm+n,0 (2.2a)
[HA(I)(m), Eα(J)(n)] = δIJαAEα(I)(m+ n) (2.2b)
[Eα(I)(m), Eβ(J)(n)] = δIJ

N(α, β)Eα+β,(I)(m+ n) if (α + β) 2 (g)
α H(I)(m+ n) + k m δm+n,0 if (α + β) = 0
0 otherwise
(2.2c)
A,B = 1, ..., rankg, α, β 2 (g), I, J = 0, ..., λ− 1, m, n 2 Z (2.2d)
holds in the Cartan-Weyl basis of g.
The action of the automorphism group Zλ(permutation) on ane g is
Ja(I)
0 = ωIJ(hσ)Ja(J), ωIJ(hσ) = δI+σ,J mod λ 2 Zλ(permutation)  Aut(g) (2.3a)
σ = 0, ..., λ− 1, ρ(σ) 2 f1, ..., λg, ρ(σ)σ
λ
2 f0, ..., λ− 1g (2.3b)
where ρ(σ) is the order of the element hσ 2 Zλ(permutation).
2.2 The subalgebra h(η,)  g
The subject of this subsection is the construction of a large class of Zλ-covariant subalgebras
fh(Zλ)g. The members of this class are labeled as h(η,),
g  h(η,) 2 fh(Zλ)g, λ
η
2 Z+ (2.4)
where η is any positive integer that divides λ, and  is constructed for each choice of η as
follows. On the simple roots fαi 2 (g)g of g, choose an integer-valued function φ(αi) with
values in the range 0 to λ
η
− 1:
  fφ(αi)g : φ(αi) 2 f0, ..., λ
η
− 1g, i = 1, ..., rankg. (2.5)
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Therefore at xed λ, η and g we will construct
N(λ, η, g) = (λη )
rankg
(2.6)




ni(α)φ(αi) when α =
rankg∑
i=1
ni(α)αi, ni(α) 2 Z (2.7)
which is dened on all roots α 2 (g).
Using φ(α), we may now write the currents Jh(η,Φ) of the subalgebra h(η,)
Jh(η,Φ)(z) = fJRa (z; )g = fHRA (z; ), ERα (z; )g (2.8)
in terms of the currents Ja(I) of the ambient algebra g,




















HA(Iλ)(z) = HA(I)(z), Eα(Iλ)(z) = Eα(I)(z) (periodicity for g) (2.9c)
HRηA (z; ) = HRA (z; ), ERηα (z; ) = ERα (z; ) (periodicity for h(η,)) (2.9d)
λ
η
2 Z+, R = 0, ..., η − 1, α 2 (g), A = 1, ..., rankg. (2.9e)
The periodicity relations in (2.9 c,d) are conventions.
The currents Jh(η,Φ) have the mode expansions
HRA (z; ) =
∑
m2Z
HRA (m; )z−m−1, ERα (z; ) =
∑
m2Z
ERα (m; )z−m−1 (2.10)
and, using the algebra (2.2) of ane g, one nds the subalgebra h(η,)
[HRA (m; ), HSB(n; )] = δRS
λ
η
k m δABδm+n,0 (2.11a)
[HRA (m; ), ESα (n; )] = δRSαAERα (m+ n; ) (2.11b)
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[ERα (m; ), ESβ (n; )] (2.11c)
= δRS

N(α, β)ERα+β(m+ n; ) if (α + β) 2 (g)
α HR(m+ n; ) + λ
η
k m δm+n,0 if (α + β) = 0
0 otherwise
A,B = 1, ..., rankg, α, β 2 (g), R, S = 0, ..., η − 1, m, n 2 Z. (2.11d)
This algebra consists of η commuting copies of ane g at level λ
η
k, where the copies are
labeled by the indices R and S.
The algebra (2.11) of h(η,) has no explicit φ(α) dependence, but the induced action of
the Zλ automorphism (2.3) on the currents Jh(η,Φ),
HRA (m; ) 0 = HR+σA (m; ), ERα (m; ) 0 = e−
2piibR+ση cφ(α)
λ/η ER+σα (m; ) (2.12)
is dierent for each h(η,) (see App. B). In (2.12), the symbol bxc is the greatest integer
less than or equal to x. A short calculation shows that ERα
0 and HRα
0 in (2.12) also satisfy
the algebra (2.11), which means that Zλ(permutation) is in Aut(h(η,)). It follows that
each h(η,) is a Zλ-covariant subalgebra of g.
As an example of these subalgebrasb, consider the subalgebra h(1, f0g) for all g and λ,
where f0g means φ(αi) = 0, 8αi. For this choice, one nds that









h(η = 1;  = f0g) = gdiag (2.13b)
so that the Zλ-covariant subalgebra is the diagonal subalgebra of g. This is the h subalgebra
of the simple case in (1.6).
As another example consider the ambient algebra
g = 2I=0 gI , gI = g = SU(2) (2.14)
with simple root α. This has a Zλ-covariant subalgebra h(η = 1, fφ(α) = 1g) whose currents
HR=0(z; ) = H(0)(z) +H(1)(z) +H(2)(z), (2.15a)
ER=0α (z; ) = Eα(0)(z) + e
2pii
3 Eα(1)(z) + e
2pii
3 Eα(2)(z) (2.15b)
generate an ane SU(2) at level 3k. Here H(I) and Eα(I), I = 0, 1, 2 are the Cartan
generator and root operators of SU(2)I .
bThe trivial case h(λ, Φ) = g is not useful in the g/h coset constructions below.
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2.3 Affine-Sugawara and coset constructions










, x  2k
ψ2
2 Z+, ~h  Q
ψ2
(2.16b)
a, b = 1, ..., dimg (2.16c)
where x, ~h, ψ and Q are respectively the invariant level, dual Coxeter number, highest root
and quadratic Casimir of g. In the text below, including the twisted sectors of the interacting
coset orbifolds, these quantities always refer to g and ane g.
The reader should bear in mind that, here and throughout this paper, :(): means OPE
normal ordering24,11,1.











: HRA ()HRA () : +
∑
α2∆(g)







because the algebra h(η,) is embedded at level λ
η
k in ane g. In what follows we will
suppress the explicit A and α summations above.
















λ δJ−L,0 mod η (2.18b)
in terms of the ambient currents Jg. The form in (2.18) shows that all the subalgebra
constructions Th(η,Φ) are Zλ(permutation)-invariant CFTs because the inverse inertia tensors
L depend only on the combination J − L (see Ref. [1]).
Finally we may use K-conjugation7,12,13,25,8 to obtain the coset constructions7,12,13
Tg/h(η,Φ) = Tg − Th(η,Φ) (2.19a)







which describe the untwisted sectors of this class of interacting cyclic coset orbifolds.
6
3 Twisted Currents
3.1 The ambient twisted algebra gρ(σ)
In Ref. [1], a general prescription is given to obtain the twisted ambient algebra of each
sector σ of any orbifold A(H)/H . One begins with the action of the automorphisms on the
ambient currents Jg
Jg
0 = ω(hσ)Jg, hσ 2 H  Aut(g). (3.1)
The matrix ω(hσ) denes an eigenvalue problem whose eigenvectors Ug(σ) generate the g
eigencurrents
Jg(σ)  Ug(σ)Jg (3.2)
with diagonal response to the automorphism ω(hσ). The twisted g currents J^g(σ), which are
the ambient currents of each twisted sector σ,
Jg(σ) ! J^g(σ) (3.3)
then satisfy the same OPE’s as the eigencurrents. The diagonal monodromies of J^g(σ) are
controlled by the eigenvalues of ω(hσ).
In the case1 of the cyclic permutation orbifolds A(Zλ)/Zλ, the matrices ω(hσ) are given in
Eq. (2.3), and one obtains the twisted g currents J^gρ(σ) of sector σ, which satisfy the orbifold
ane algebra gρ(σ):















































ρ(σ), σ = 0, ..., λ− 1 (3.4e)
a, b = 1, ..., dimg, r, s = 0, ..., ρ(σ)− 1, j, l = 0, ..., λ
ρ(σ)
− 1. (3.4f)
Here j, l label copies gjρ(σ) of an orbifold ane algebra on simple g, with twist classes labeled
by r, s. The quantity ρ(σ) is the order of each copy and also the order of the automorphism
hσ 2 Zλ. The orbifold ane level of each gjρ(σ) is
k^(σ)  ρ(σ)k (3.5)
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where k is the level of the ane algebra (2.2). In what follows, gρ(σ) is called the ambient
orbifold ane algebra of sector σ.
3.2 General twisted subalgebras





, h  g, H  Aut(g), H  Aut(h) (3.6)
is to nd the twisted h currents with diagonal monodromy. The analysis of Ref. [1] for the
ambient algebra g can also be applied, mutatis mutandis, to the H-covariant subalgebra h,
with attention to the embedding of ane h in ane g
Jh = MJg (3.7)
where M is the embedding matrix in the untwisted sector.
The induced action of the automorphism group H on the currents Jh has the form
Jh
0 = Ω(σ)Jh (3.8)
and the matrix Ω(σ) denes an induced eigenvalue problem whose eigenvectors Uh(σ) gen-
erate the h eigencurrents
Jh(σ)  Uh(σ)Jh = Uh(σ)MJg = Uh(σ)MU yg (σ)Jg(σ) (3.9)
whose response to Ω(σ) is diagonal. The twisted h currents J^h,
Jh(σ) ! J^h(σ) (3.10)
satisfy the OPE’s of the h eigencurrents, with diagonal monodromies controlled by the
eigenvalues of Ω(σ). Moreover, with Eqs. (3.3), (3.9) and (3.10), we see that J^h is embedded
in the ambient twisted algebra as
J^h(σ)  M^(σ)J^g(σ), M^(σ)  Uh(σ)MU yg (σ) (3.11)
where M^(σ) is the embedding matrix of sector σ.
The general twisted h currents J^h are further discussed in Subsec. 4.5, and Appendix A
gives an application of this procedure to the simple case of the cyclic copy orbifolds.
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3.3 The twisted subalgebra h(η,, σ)  gρ(σ)












the embedding matrixM of the subalgebra h(η,) is specied in Eq. (2.9a). In the discussion
below, we will use the notation
J^h(η,Φ,σ)(z) = fJ^R,(r)a (z; ; σ)g = fH^R,(r)A (z; ; σ), E^R,(r)α (z; ; σ)g (3.13a)
h(η,, σ)  gρ(σ), h(η,, 0) = h(η,), gρ(0)=1 = g (3.13b)
for the twisted h currents of sector σ, which generate the twisted subalgebras h(η,, σ).
Starting from (2.9) and (2.12), we obtain the explicit form of the twisted currents J^h(η,Φ,σ),
H^
R,(r)


































2 Z+, ρ(σ)µ(η, σ)
η
2 Z+ (3.14c)





, P (η, σ) 2 f1, ..., 1
η/µ
g (3.14d)
R, S = 0, ..., µ− 1, r, s = 0, ..., η
µ
− 1, σ = 0, ..., λ− 1 (3.14e)
in terms of the currents Jgρ(σ) of the ambient orbifold ane algebra (3.4), where z=gcd(x, y)
is the largest integer such that x/z, y/z 2 Z. The result (3.14) summarizes the embedding
matrix of sector σ.
The OPE’s of the twisted currents J^h(η,Φ,σ) follow from those of gρ(σ) in (3.4):
H^
R,(r)









A (z; ; σ)E^S,(s)α (w; ; σ) = δRS
αAE^
R,(r+s)
α (w; ; σ)
z − w +O((z − w)
0) (3.15b)
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z−w +O((z − w)0) if (α + β) = 0
O((z − w)0) otherwise
R, S = 0, ..., µ− 1, r, s = 0, ..., η
µ
− 1. (3.15d)
These OPE’s are isomorphic to the OPE’s of µ copies of order η/µ orbifold ane algebra
taken at orbifold ane level λk/µ, where the copies are labeled by the indices R and S. The
number of copies and the order can be read from (3.15d), and the order η/µ also appears in
the central terms of (3.15). As a check on these quantities, recall that










where (3.16a) is a general property of orbifold ane algebra and λ
η
k is the level of the
untwisted algebra h(η,).





2pii; ; σ) = e−2pii rη/µ H^R,(r)A (z; ; σ) (3.17a)
E^R,(r)α (ze
2pii; ; σ) = e−2pii( rη/µ+ σφ(α)λ )E^R,(r)α (z; ; σ) (3.17b)
of the twisted h currents J^h(η,Φ,σ), which also follow from (3.14). To see the consequences of
this dierence, we use the mode expansions
H^
R,(r)

























which follow from the monodromies in Eq. (3.17). Then, (3.15) and (3.18) give the twisted


































































) if α+β 2 (g)










,0 if α+β = 0
0 otherwise
R, S = 0, ..., µ− 1, r, s = 0, ..., η
µ
− 1, σ = 0, ..., λ− 1. (3.19d)
As we will discuss in the following section, algebras of the form (3.19) are known in the
literature.
3.4 Doubly-twisted current algebras
To identify the twisted h subalgebras (3.19), we rst introduce the fundamental weights fλig
of g




, i, j = 1, ..., rankg (3.20)









, A = 1, ..., rankg (3.21a)
φ(α) = −µλ
ησ
d  α. (3.21b)
Then, using (3.21b) we can rewrite the induced action (2.12)
HRA (m)





σ ER+σα (m) (3.22)
of Zλ(permutation) on the subalgebra. The twisted subalgebra h(η,, σ) can also be rewrit-




















































) if α+β 2 (g)








,0 if α+β = 0
0 otherwise
R, S = 0, ..., µ− 1, r, s = 0, ..., η
µ
− 1, σ = 0, ..., λ− 1. (3.23d)
This form of h(η,, σ) is recognized as µ = µ(η, σ) commuting copies of a doubly-twisted
current algebra11.
The doubly-twisted current algebras correspond to ane algebras which have been simul-
taneously twisted both by outer automorphisms Zλ (permutations) and inner automorphisms
(d 6= 0) of g. Equivalently, doubly-twisted current algebras are inner-automorphically twisted
orbifold ane algebras. The doubly-twisted algebras have an order (in this case η/µ) and
a level (in this case λk/µ), which are the order and level of the orbifold ane algebra10,11,1
before the inner-automorphic twist.
The origin of these algebras in this problem can be understood from Eq. (3.22), which
shows that the induced automorphism Ω on Jh is a combination of the permutation au-
tomorphism (R ! R + σ) and an inner automorphism (the phases). In turn, the inner
automorphisms can be traced to the form (2.9a) of the root operators of the untwisted
subalgebra h(η,)








00  e 2piijµdασ Eα(ηj+R) = ξ(ηj +R)Eα(ηj+R)ξ(ηj +R)−1 (3.24b)
ξ(ηj +R)  e2piij µσ dH(ηj+R)(0) (3.24c)
where Eα(ηj+R)
00 is inner-automorphically equivalent to Eα(ηj+R).
In special cases, the doubly-twisted subalgebras reduce to singly-twisted subalgebras:
When the inner-automorphic vector d vanishes
d = 0 ,  = f0g (3.25)
then the subalgebras h(η, 0, σ) are orbifold ane algebras (see also Subsec. 5.1). When d 6= 0,
η = 1 (and hence µ = 1) the twisted subalgebras are inner-automorphically twisted26−29
ane Lie algebras on simple g (see also Subsec. 5.4). When d 6= 0 and
λ
ρ(σ)η
2 Z, µ = η 6= 1 (3.26)
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the twisted subalgebras consist of η copies of inner-automorphically twisted ane g (see also
Subsec. 5.5).
We emphasize that the doubly-twisted algebras (3.23) are subalgebras of orbifold ane

































































φ(α) 2 Z+ (3.27c)
follows from the discussion above. It has been further observed in Ref. [10] that outer-
automorphically twisted ane Lie algebras30 also occur as subalgebras of orbifold ane
algebras. So the orbifold ane algebras contain (as subalgebras) examples of all standard
twisted current algebras.
It may also be possible to nd interacting cyclic coset orbifolds whose twisted h subalge-
bras are \triply-twisted" current algebras, which are twisted as well by outer automorphisms
of simple g.
4 Stress tensors of the twisted sectors
4.1 Systematics
The Zλ-invariant CFT’s A(Zλ) are described by the stress tensors





Kλ, K = 0, ..., λ− 1 (4.1b)
where LabI−J is any solution of the Virasoro master equation
8,9,4 (VME) with cyclic permuta-
tion symmetry. The explicit form of this consistent subansatz of the VME is given in Ref. [1].
Then, the duality transformations of Ref. [1] give the stress tensor for each twisted sector
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σ of all cyclic permutation orbifolds A(Zλ)/Zλ in terms of the twisted currents J^ (r)a(j) of the



















The relation in (4.2b) is the duality transformation from the inverse inertia tensor L of the
untwisted sector to the inverse inertia tensor L of the twisted sector σ. The integers N(σ)

































), σ = 1, ..., λ− 1
are given in Ref. [1]. The central charge c^(σ) = c of the twisted sectors is the same as the
central charge of the untwisted sector.







are easily obtained from Eq. (4.3b) and the duality transformations (4.2b). The form of
these results
T^gρ(σ)/h(η,Φ,σ) = T^gρ(σ) − T^h(η,Φ,σ), σ = 1, ..., λ− 1 (4.5a)
T^gρ(σ)  (T^ gZλ )σ, T^h(η,Φ,σ)  (T^h(η,Φ)Zλ )σ, T^gρ(σ)/h(η,Φ,σ)  (T^ g/h(η,Φ)Zλ )σ (4.5b)








(^0)gρ(σ)/h(η,Φ,σ) = (^0)gρ(σ) − (^0)h(η,Φ,σ) (4.5d)
14
follows from the linearity of the duality transformations and the linearity of K-conjugation,
and shows that these coset orbifolds can be understood in terms of the component orbifolds
g/Zλ and h(η,)/Zλ. Here the various stress tensors of the twisted sectors are obtained by
the duality transformations
Tg ! T^gρ(σ), Th(η,Φ) ! T^h(η,Φ,σ), Tg/h(η,Φ) ! T^gρ(σ)/h(η,Φ,σ) (4.6)
of each component of Tg/h(η,Φ) in (2.19a). In the following subsections, we will consider these
component orbifolds separately.
Similarly, one nds for general coset orbifolds (g/h)/H that
(T^ (g/h)
H
)σ = (T^ g
H
)σ − (T^ h
H
)σ (4.7)
so the general case can be understood in terms of the component orbifolds g/H and h/H .
4.2 The WZW cyclic orbifolds g/Zλ
For each WZW cyclic orbifold g/Zλ, the set of stress tensors in the twisted sectors1















b(j) :, σ = 1, ..., λ− 1 (4.8a)









is a list of σ-dependent orbifold ane-Sugawara constructions10,11,1.
4.3 The orbifolds h(η,)/Zλ
Substitution of the inverse inertia tensor (2.18b) into the duality transformations (4.2b)
yields (see App. B) the stress tensors of the twisted sectors of the orbifolds h(η,)/Zλ:
(T^h(η,Φ)
Zλ


































































α 2 (g), A = 1, ..., rankg, j, l = 0, ..., λ
ρ(σ)
− 1. (4.9f)
We note that the ground state conformal weights in (4.9e) depend in general on the inner-
automorphic parameters φ(α)  d  α.
When the order λ of a cyclic permutation orbifold is prime, every twisted sector σ has
order ρ(σ) = λ and so j = l = 0. Moreover µ = 1 so R = S = 0. As a result many of the


































A,B = 1, ..., rankg, α, β 2 (g), r, s = 0, ..., η − 1, λ
η
2 Z+ (4.10d)
from (3.14) and (4.9). When  = f0g, these twisted h currents generate the subalgebras
gη  gλ of orbifold ane algebra identied in Ref. [11].
4.4 The orbifold affine-Sugawara constructions of h(η,)/Zλ













A ()H^R,(−r)A () + E^R,(r)α ()E^R,(−r)−α ()) : (4.11a)
σ = 1, ..., λ− 1 (4.11b)
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when written in terms of the twisted h currents J^h(η,Φ,σ). This form shows that the stress
tensors T^h(η,Φ,σ) are nothing but the appropriate orbifold ane-Sugawara constructions
10 on
the twisted subalgebras h(η,, σ).
To understand this, recall that h(η,) is embedded in ane g at level λ
η
k and the OPE
formc (3.15) of h(η,, σ) has orbifold ane order η/µ. Then the prefactor in (4.11) can be
computed via the map
(level of ane g) k ! λ
η
k (level of ane h(η,)) (4.12a)
(order of gρ(σ)) ρ!
η
µ
(order of h(η,, σ)) (4.12b)













) (prefactor of T^h(η,Φ,σ))
(4.12c)
from the prefactor of the orbifold ane-Sugawara construction T^gρ(σ) in (4.8).
4.5 Twisted (0,0) operators of the interacting coset orbifolds
The untwisted currents Jh of a general coset construction g/h are (0,0) operators of Tg/h,





, h  g, H  Aut(g), H  Aut(h). (4.13)
Then, the duality algorithm of Ref. [1] tells us that the twisted h currents J^h of a general
coset orbifold (see Subsec. 3.2) are also twisted (0, 0) operators
Tg/h(z)Jh(w) = O((z − w)0) ! T^ g/h
H
(z)σJ^h(w; σ) = O((z − w)0) (4.14)
in the twisted sectors of the general coset orbifold. In what follows, we verify this explicitly
for our class of interacting cyclic coset orbifolds.
By explicit computation24,11 with the form (4.11) and the OPE’s (3.15), we nd that
T^gρ(σ)(z)J^
R,(r)
a (w; ; σ) = T^h(η,Φ,σ)(z)J^R,(r)a (w; ; σ) (4.15a)
= (
1
(z − w)2 +
∂w
z − w )J^
R,(r)
a (w; ; σ) +O((z − w)0)
cAlthough h(η, Φ, σ) in (3.19) is not an orbifold affine algebra, it is the OPE form of an algebra that


















































As expected, the currents of the h(η,, σ) subalgebra are \twisted (1,0) operators" of T^gρ(σ)
and T^h(η,Φ,σ), and hence twisted (0,0) operators
T^gρ(σ)/h(η,Φ,σ)(z)J^
R,(r)
















in each sector of the interacting cyclic coset orbifolds.
In an action formulation of coset orbifolds, one must learn to gauge these twisted h
subalgebras. The twisted (0,0) operators of the cyclic coset copy orbifolds are discussed in
App. A.
5 Examples
The components for g/Zλ in (4.8) and h(η,)/Zλ in (4.9) and (4.11) are now easily assembled
into the stress tensors and ground state conformal weights of the twisted sectors
T^gρ(σ)/h(η,Φ,σ) = T^gρ(σ) − T^h(η,Φ,σ), σ = 1, ..., λ− 1 (5.1a)








(^0)gρ(σ)/h(η,Φ,σ) = (^0)gρ(σ) − (^0)h(η,Φ,σ) (5.1c)
of these interacting coset orbifolds. The examples below use the orbifold ane-Sugawara
form (4.11) for T^h(η,Φ,σ) in terms of the twisted h currents, while the alternate form of
T^h(η,Φ,σ) in (4.9) is used in Appendix C to write the coset stress tensors entirely in terms of
the inverse inertia tensors L and L and the ambient algebras g and gρ(σ).
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For the rst three examples, we return to the general basis
Jg = fJa(I)g, J^gρ(σ) = fJ^ (r)a(j)g; Jh(η,Φ) = fJRa ()g, J^h(η,Φ,σ) = fJ^R,(r)a (; σ)g (5.2)
of the ambient algebras and their subalgebras. Moreover, we will suppress the sector label
σ of the twisted h currents.
5.1 All g, λ and η for  = f0g















Ja(ηj+R), a = 1, ..., dimg, R = 0, ..., η − 1, σ = 0 (5.4)
so that h(η, f0g) is composed of η copies, labeled by R, of ane g at level λ
η
k. The twisted



































σ = 1, ..., λ− 1, R, S = 0, ..., µ− 1, r, s = 0, ..., η
µ
− 1 (5.5c)
where µ = µ(η, σ) is dened in (3.14). This is the algebra of µ copies of an order η/µ orbifold
ane algebra with each copy at level λk/µ.
The stress tensors, central charges and ground state conformal weights of these interacting
cyclic coset orbifolds are


































































For the sectors with ρ(σ) = λ, the stress tensors of these orbifolds were given in Ref. [11]
where they were called T^gλ/gη .
5.2 All g and λ for η = 1 and  = f0g








which was also discussed in Ref. [1]. The h currents of these orbifolds are
h(1, f0g) = gdiag = gλk : JR=0a =
λ−1∑
J=0
Ja(J)  Jdiaga , σ = 0 (5.8a)







a(j), σ = 1, ..., λ− 1. (5.8b)
The untwisted h currents JR=0a generate the diagonal subalgebra gλk of the ambient algebra
g and the twisted h currents J^
R=0,(r=0)
a generate the diagonal subalgebra of the integral ane
subalgebra10 of the ambient orbifold ane algebra gρ(σ).
The stress tensors, central charges and ground state conformal weights of these orbifolds
are










































), σ = 1, ..., λ− 1. (5.9d)
In this case the conformal weights are those of T^gρ(σ) in (4.8) because the integral ane
subalgebra fJ^ (0)g acts10,11,1 on j0iσ as an ordinary ane algebra.
In the twisted sector σ = 1, we have
ρ(σ = 1) = λ, J^ (r)a  J^ (r)a(0), J^R=0,(r=0)a = J^ (0)a (5.10)
so the stress tensor simplies to










: J^ (0)a J^
(0)
b : . (5.11)
These are the Kac-Wakimoto coset constructions, given in Ref. [19] and further studied in
Ref. [20].
5.3 All g for λ = 4, η = 2 and  = f0g





These orbifolds have λ = 4 sectors labeled by σ = 0, 1, 2 and 3 with ρ(0) = 1, ρ(1) = ρ(3) = 4
and ρ(2) = 2. The ambient algebra of the untwisted sector σ = 0 is g = 3I=0gI , and the
generators of the untwisted h subalgebra
h(2, f0g, σ = 0) = h(2, f0g)  g (5.13)
are the combinations
JR=0a = Ja(0) + Ja(2), J
R=1
a = Ja(1) + Ja(3). (5.14)
These generate the h subalgebra g2k  g2k in (5.12).
21
The sectors σ = 1 and σ = 3 both have order ρ(σ) = 4 and µ = 1, and N(σ = 1) =
1, N(σ = 3) = 3. The ambient orbifold ane algebra in these sectors is gλ=4 on simple g,
and the twisted h subalgebras are isomorphic


















= if cab J^
R=0,(r+s)









where r and s can be 0 or 1. This is the orbifold ane subalgebra called gη=2  gλ=4 in
Ref. [11].
Finally, the sector σ = 2 has order ρ(σ = 2) = µ = 2 and N(σ = 2) = 1. The ambient
orbifold ane algebra is g2 = g
0
2  g12 (see (3.4e)), and the twisted h subalgebra









This is the integral ane subalgebra10 of g2.
















b ) : (5.19a)
T^σ=1 = T^σ=3= T^g4/g2 =
ηab
8k+4Q







































































5.4 g =SU(2) for λ = 3, η = 1 and fφ(α) = 1g






has three sectors labeled by σ = 0, 1 and 2 with ρ(0) = 1 and ρ(1) = ρ(2) = 3. We need the
integers N(σ = 1) = 1, N(σ = 2) = 2, and for each of these sectors µ = 1 because η = 1.
As noted below Eq. (2.15), the untwisted currents of h(η = 1, fφ(α) = 1g)
HR=0 = H(0) +H(1) +H(2) (5.21a)
ER=0α = Eα(0) + e
 2pii




0 at level 3k.
The twisted currents of h(η = 1, fφ(α) = 1g, σ = 1) are

























)] = αH^R=0,(r=0)(m+ n) + 3k(m 1
3
)δm+n,0 (5.22d)
and the twisted currents of h(η = 1, fφ(α) = 1g, σ = 2) are

























)] = αH^R=0,(r=0)(m+ n) + 3k(m 1
3
)δm+n,0. (5.23d)
The twisted h subalgebras of sectors σ = 1 and 2 are inner-automorphically twisted ane
Lie algebras on simple g, as are all the twisted h subalgebras with d 6= 0 and η = 1.
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This gives the following stress tensors, central charges and ground state conformal weights
in each sector σ:





: (H(I)H(I) + Eα(I)E−α(I) + E−α(I)Eα(I)) :
− 1
6k + 2α2
































































5.5 g =SU(2) for λ = 4, η = 2 and fφ(α) = 1g
Finally, we discuss an example with a doubly-twisted h subalgebra
(SU(2)kSU(2)kSU(2)kSU(2)k
SU(2)2k 0SU(2)2k 0 )
Z4
. (5.25)
In this case, the untwisted currents Jh(η,Φ)
HR=0 = H(0) +H(2), H
R=1 = H(1) +H(3) (5.26a)
ER=0α = Eα(0) −Eα(2), ER=1α = Eα(1) − Eα(3) (5.26b)
generate the algebra SU(2)2k
0SU(2)2k 0, which consists of two commuting copies (labeled by
R=1,2) of an ane SU(2) at level 2k. Note the sign dierences in (5.26b) relative to those
24
of the example in Subsec. 5.3. The form of the stress tensor of the untwisted sector
















α ) : (5.27)
is not aected by these signs.
We focus on the twisted sector σ = 1 with ambient algebra gρ(σ=1)=4 and N(σ = 1) =
µ = P = 1. The twisted currents of h(η = 2, fφ(α) = 1g, σ = 1) are
































)] = αE^R=0,(r+s)α (m+ n+


























with order 2 and level 4k. The stress tensor, central charge and ground state conformal








































Note that ^0(σ = 1) in (5.30c) is not the same as ^0(σ = 1) in (5.19e) for g =SU(2). The
two situations dier only in that the inner-automorphic vector d 6= 0 for the present example.
The sector σ = 3 contains another doubly-twisted h subalgebra similar to (5.28) and
the twisted h subalgebra of sector σ = 2 consists of two commuting copies of an inner-
automorphically twisted ane SU(2) at level 2k.
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Appendix A. (0,0) operators in cyclic coset copy orbifolds
In this appendix, we nd the twisted (0,0) operators (which are the twisted h currents) in
the simpler case of the cyclic coset copy orbifolds14,15,10,16,11,1,17,18
λ−1I=0(g/h)I/Zλ. (A.1)
The stress tensors in the untwisted sectors of these orbifolds are sums of λ commuting copies
of the coset construction g/h, h  g. The Lie algebras involved here are
g = λ−1I=0gI , gI = g; h = λ−1I=0hI , hI = h  g (A.2)
and the ambient ane algebra is still given by (2.2). The embedding of the untwisted h




A = 1, ..., dimh, a = 1, ..., dimg, I = 0, ..., λ− 1 (A.3b)
where M aA is the embedding matrix of h  g.
In this case, the induced action Ω of Zλ(permutation) on the untwisted h currents
JA(I)(z)
0 = ωIJ(hσ)JA(J)(z) = JA(I+σ)(z), Ω(hσ) = ω(hσ), σ = 0, ..., λ− 1 (A.4)
is the same as the action ω in Eq. (2.3) on the g currents. This follows because the embedding
matrix M aA does not mix values of the index I. Then the duality transformations of Ref. [1]
tell us that the twisted h currents J^
(r)
A(j) are the same linear combinations
d of the currents of
dThat is, Mˆ(σ) = M in the language of Subsec. 3.2.
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ρ(σ)  gρ(σ). (A.5b)
Here each hjρ(σ) is a copy of an order ρ(σ), level ρ(σ)k orbifold ane algebra on simple h.
For these orbifolds, the stress tensor of sector σ is1
































B(j) (z) : (A.6c)
where the untwisted sector is recovered when σ = 0 and hence ρ(σ = 0) = 1. The coset
central charge and the ground state conformal weight of each sector σ are1











where r is the index of embedding of h in g. The twisted h currents J^
(r)
A(j) in (A.5a) are
twisted (1,0) operators of both stress tensors T^gρ(σ) and T^hρ(σ), and so they are twisted (0,0)
operators in each sector of each cyclic coset copy orbifold.
Appendix B. Induced action of Zλ(permutation)
To obtain the induced action (2.12) of the Zλ automorphisms on the untwisted h currents










R + σ = ηbR + σ
η







































λ/η ER+σα . (B.1e)
The induced action on the Cartan generators in (2.12) follows similarly without the phases.
The reader may nd the identities
δλ
ρ























useful in obtaining Eq. (4.9).
Appendix C. Ambient-algebraic form of the stress tensors












La(j)b(l)r (σ) : J^ (r)a(j)J^ (−r)b(l) :, σ = 1, ..., λ− 1 (C.1b)
a, b = 1, ..., dimg (C.1c)
discussed in the text. Here L and L are the inverse inertia tensors related by the duality
transformations1 in Eq. (4.2b), and Ja(I), J^
(r)
aj are the currents of the ambient algebras g and
gρ(σ) respectively.




: (LA(J)B(L)HA(J)HB(L) + L
α(J)β(L)Eα(J)Eβ(L)) : (C.2a)
LA(J)B(L)  δAB( δ
JL
2k +Q






Lα(J)β(L)  δα+β,0( δ
JL
2k +Q







A,B = 1, ..., rankg, α, β 2 (g) (C.2d)








: (LA(j)B(l)r (σ)H^ (r)A(j)H^(−r)B(l) + Lα(j)β(l)r (σ)E^(r)α(j)E^(−r)β(l) ) : (C.3a)























NPr, χ2 = (j−l)φ(α)[ 1λ− Pρµ ]+ j−lρµ NPr (C.3d)
for the twisted sectors. Here we have suppressed the σ and η dependence of ρ = ρ(σ),
N = N(σ), µ = µ(η, σ) and P = P (η, σ).
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